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Superplastic behavior has been observed in a variety of

metallic systems during high temperature deformation. The

possibility of superplastic flow in nanocrystalline materials

at low temperatures is reported in molecular-dynamics

simulations [1, 2] and in experimental evidences [3–6].

Karch et al. [3] observed that conventional brittle ceramics

became ductile at low temperature if a polycrystalline

ceramics was generated with a crystal size of a few nm. Lu

et al. [4] showed recently that bulk, highly pure nano-

crystalline copper could be strained at room temperature by

up to 5,000% without strain hardening and changing grain

size. These experimental results indicate that conventional

dislocation mechanisms are not responsible for the large

strain and that the extensive superplasticity seems to

originate from grain boundary (GB) diffusion (Coble

creep). This novel behavior, however, could not be

explained by present models and theories.

Lee [7] proposed a model to show grain rearrangement

process by Coble creep and GB migration, which is shown

in Fig. 1 from a to e. The model consists of hexagonal

single-phase grains of uniform size and shape loaded in

tension (Fig. 1a). On first loading, the GB diffusion fluxes

flow (see Fig. 2a) causing the grains to elongate along the

stress axis (Fig. 1b). At a strain e = 0.55, the grains

become diamond-shaped (Fig. 1c). At this point the

four-grain junctions become unstable. GB migration (with

no additional strain) will return the diamond-shaped grain

to initial one, and switch grain neighbors with a rotation of

30� (Fig. 1e). The Lee model shows a plausible way to

switch grain neighbors, resulting in a strain e = 0.55 while

retaining the equiaxed grain structure. However, Lee model

fails to give a reasonable physical path for a continuous

elongation beyond the 55% strain, and therefore can not be

used to explain extensive superplasticity. To go beyond the

first grain switching event and account for the existence of

a sequence of such switching events we look at the

microstructure tilted by 30� (or –30�) as shown in a¢.
Although the grain structure after first grain switching

(Fig. 1e) is a ‘‘dead end’’ for the model operating along the

vertical direction, the grain structure in the tilted direction

is equivalent to a. Therefore, the Lee model can operate in

the slant loading direction as described by several repre-

sentative steps a¢, b¢ and e¢, corresponding to steps a, b and

e, respectively. At step e¢, the arrangement of grains returns

to initial one as shown in Fig. 1a, but switches their

neighbors with a resulting strain e = 1.0. Evidently, after

step e¢ the deformation process shown in Fig. 1 from steps

a to e¢ can always repeat during loading. If the model

operates n-cycles in observation time, obvious superplas-

ticity of n · 100% occurs.

Thus, the extended Lee model gives a reasonable

physical path for explaining the extensive superplasticity

observed in polycrystalline materials. However, whether

there is an obvious superplasticity for the materials

depends on how fast the model operates one cycle (from a

to e¢ in Fig. 1).

Lee made no attempt to develop a solution for his model.

Spingarn and Nix [8] made a solution for Lee model having

not yet deformed (the model shown in Fig. 1a). This
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solution is similar to other models [9, 10], approximately

applies for infinitesimal strain. The strain rate for the finite

strain of the model is also proposed by Spingarn and Nix as

a function of strain. However, their solution is valid up to a

strain e = 0.55, and is difficult for practical use because the

strain itself is unknown. A complete solution, which satis-

fies both compatibility (grain continuity) and stress

boundary conditions, and tracks the whole deformation

procedure of the Lee model, is given here.

As shown in Fig. 2a, only a representative unit cell

needs to be considered due to periodic symmetry, which is

shown in Fig. 2b. The initial shape of the cell (not yet

deformed) is denoted by cb¢o¢a¢. Symmetry requires that

the grain boundaries (GBs) keep straight line and move

parallel during deformation such that the current shape of

the cell is described by cboa. The dimension of the cell in

Fig. 2b is normalized by grain size L. Setting moving

coordinates x and y on the horizontal and inclined bound-

aries, with original point at the boundary junction o, the

atomic fluxes along GBs are given by

Jx ¼
XdbDb

kT

orx

Lox
; Jy ¼

XdbDb

kT

ory

Loy
ð1Þ

where Db is the GB diffusivity, db the GB thickness, W the

atomic volume, kT has the usual meaning, rx and ry are,

respectively, the normal tractions on x and y, positive for

tension and negative for compression.

The conservation of matter requires that ¶Jx /L¶x +

vx = 0, ¶Jy /L¶y + vy = 0, where vx and vy are the rate of

accumulation or depletion of matter on GBs, positive for

accumulation and negative for depletion. Thus, we have

XdbDbo
2rx

kTL2ox2
þ vx ¼ 0;

XdbDbo
2ry

kTL2oy2
þ vy ¼ 0 ð2Þ

The quantities in the analyses are normalized as follows

rx ¼ rx=r; ry ¼ ry=r; t ¼ rdbDbX
kTL3

t; v ¼ kTL2

rdbDbX
v

ð3Þ

where r is the applied stress, t is the normalized time.

Thus, Eq. 2 can be rewritten as

o2rx

ox2
þ vx ¼ 0;

o2ry

oy2
þ vy ¼ 0 ð4Þ

Integrating Eq. 4 yields

rx ¼ �
1

2
vxx2 þ C1xþ C2; ry ¼ �

1

2
vyy2 þ C3yþ C4

ð5Þ

The parameters, vx; vy;C1;C2;C3;C4, can be determined

from the following boundary conditions:

(a) Symmetry requires that the fluxes at x = a and y = b

must be zero at every time. Hence

C1 ¼ avx;C3 ¼ bvy:

(b) Conservation of matter implies that the outflow and

inflow of atoms at the junction o must be equal, i.e., Jx

(x = 0) + 2Jy (y = 0) = 0, then we have C1 = –2C3,

and therefore bvy ¼ �avx=2:
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Fig. 1 The extended Lee model: The steps from a to e describe the

original Lee model, and the steps from a¢ to e¢ indicates the operation

of Lee model in a slant loading direction. a, initial state. b,

intermediate state during grain boundary diffusion. c, critical position

with a strain e = 0.55. d, intermediate state during grain boundary

migration without additional strain. e, final state of the Lee model,

switching grain neighbors and leading to a strain e = 0.55. a¢, in a

slant loading direction (30� with respect to applied stress) the array of

grains 1, 3, 4, 5 is equivalent to a, then the steps from a to e can repeat

in the slant direction. b¢, intermediate state during grain boundary

diffusion. e¢, final state of the extended Lee model. In this step, grain

1 inserts into grains 2 and 4 leading to a strain e = 1.0, and returning

the grain array (see grains 1, 3, 5, 6) to the initial state as shown in a.

Then the model can repeat itself during loading to produce large strain
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Fig. 2 The analytical model: a, the atom fluxes along grain

boundaries. The area closed by dotted lines and grain boundaries

denotes a representative cell. b, the coordinate system and deforma-

tion behavior of the cell during loading. The dimension of the cell is

normalized by grain size L, the grain boundary length a ¼ b ¼
ffiffiffi

3
p

=6

at initial state (not yet deformed), and a = 0, b ¼
ffiffiffiffiffi

15
p

=6 at the critical

state (see Fig. 1c). The area of the cell keeps constant during

deformation, which is equal to
ffiffiffi

3
p

=96
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(c) Continuity of chemical potential implies that the

stresses at the junction o must be equal. Hence C2

= C4.

(d) The average normal stress along the inclined GB is

zero [8, 11], that is,
R b

0
rydy ¼ 0, which leads to

C4 ¼ �b2vy=3.

(e) The force equilibrium condition
R a

0
rxdx ¼

ffiffiffi

3
p

=4

yields a2vx aþ b=2ð Þ ¼ 3
ffiffiffi

3
p

=4. Using this equation,

together with the current area of the cell given by
ffiffiffi

3
p

bðaþ b=4Þ=2 ¼ 5
ffiffiffi

3
p

=96 leads to

vx
125

1728b3
� 25

144b
� 5

12
bþ b3

� �

¼ 48
ffiffiffi

3
p

ð6Þ

When the grains have not yet deformed, as considered

by Spingarn and Nix [8], b ¼
ffiffiffi

3
p

=6, we have vx ¼ 36.

Recalling that vx ¼ vxðrdbDbX=kTL2Þ leads to vx = 36r db

Db W /kTL2. The strain rate is then given by

_e ¼ vx=L ¼ 36rdbDbX=kTL3. This is just the result

obtained by Spingarn and Nix.

The vx in Eq. 6 can be expressed as vx ¼
ffiffi

3
p

2
db
dt

. Hence

db

dt

125

1728b3
� 25

144b
� 5

12
bþ b3

� �

¼ 96 ð7Þ

Equation 7 is valid in the range of b 2 ½
ffiffiffi

3
p

=6;
ffiffiffiffiffi

15
p

=6�.
Integrating Eq. 7 from b ¼

ffiffiffi

3
p

=6 to b yields

� 125

864b2
� 25

36
ln b� 5

6
b2 þ b4 þ 0:9358 ¼ 384t: ð8Þ

Equation 8 indicates that the normalized time t corre-

sponds to a certain configuration of the deformed model,

for instance, t ¼ 0; b ¼
ffiffiffi

3
p

=6, describing initial shape of

the grain (Fig. 1a); when t ¼ 0:00187; b ¼
ffiffiffiffiffi

15
p

=6, the

grain becomes diamond-shaped (Fig. 1c).

The driven force for steps c to e in Fig. 1 is capil-

larity [12]. The GB migrates to decrease the area of the

GB. Thus, the GB migration occurs spontaneously and is

expected to be faster, so that the rate from stages a to e

is controlled by the GB diffusion [8]. Neglecting the

time spent by the GB migration, the time consumed

during the deformation from steps a to e shown in Fig. 1

is given by ta-e = 0.00187kTL3/(r db Db W). The same

technique may be employed to evaluate the time from

steps a¢ to e¢ for the model in biaxial tensions.

According to Spingarn and Nix [8], the shear stresses on

the GBs are relaxed by GB sliding during creep. Using

appropriate force equilibrium conditions and neglecting

effect of shear stress, the time consumed from steps a¢ to

e¢ is given by ta0�e0 ¼ 0:00333kTL3=ðrdbDbXÞ. Thus, the

time consumed by one cycle is

tcycle ¼ 0:0052
kTL3

rdbDbX
: ð9Þ

The average strain rate in one cycle is given by 1/tcycle

because the strain in one cycle is equal to 1. Hence

_e � 192
rdbDbX

kTL3
: ð10Þ

This equation predicts strain rate is much faster than the

model of infinitesimal strain [8–10], indicating that the

deformation mechanism of Lee model is energetically

favorable.

It should be noted that the existing classical models only

predict the strain rate under a condition of steady state for

infinitesimal deformation. Since the atom fluxes change

continuously as the grain shape changes, no real steady

process is ever achieved. The present solution can describe

the strain rate at any deformation stage. The model is

formally applicable to perfectly regular hexagon grains

during Coble creep. However, the real material contains

different grain sizes and irregular grain array. It is expected

that each grain in the real materials will deform in a similar

manner because the deformation is controlled by the same

mechanism. For the real materials of average grain size L,

the individual grains will deform at different stage in order

to maintain grain continuity, which leads to an average

strain rate described by Eq. 10.

The rate predicted by Eq. 10 is close to that of the GBS

(grain boundary sliding) accommodated model proposed

by Wang [13]. Although experimental data for various

metals and ceramics exhibit scattering, most of them are in

good agreement with the prediction of the GBS model [13],

and therefore agree with Eq. 10 as well. However, the GBS

model cannot repeat itself [14], therefore does not apply for

large strain.

One of the recurring questions in superplasticity

behavior is the manner by which the polycrystalline

aggregate as a whole deforms plastically without changing

grain size, especially when an elongation of 5,000% was

observed in nanocrystalline copper at room temperature

[4]. Because of the size of a frank-Read source can not

exceed the grain size, L, and the stress to activate such

sources increases inversely with decreasing grain size

(L~ 1/r), these sources are difficult to be activated in

nanocrystalline materials [2, 15]. Hence, the conventional

dislocation mechanism ceases to be operational in nano-

crystalline materials, and GB diffusion dominates the

supperplasticity behavior of the nanocrystalline materials.

At present, it is very difficult to envision any other means

to allow extensive superplasticity while retaining the

equiaxed grain structure. The extended Lee model gives a

J Mater Sci (2007) 42:7977–7980 7979

123



vivid description on the deformation and appears to be only

one way for diffusionally accommodated grain rearrange-

ment to produce extensive superplasticity in polycrystalline

materials. Though the extension is small, it is this extension

enables the Lee model to answer this question. Grain

switching has been directly observed in a transmission

electron microscope study of superplastic AL–Zn alloys

[16], in a simulation of oil-emulsion [17] and in a finite

element simulation of diffusion creep in two-dimensional

polycrystalline solids [18]. In addition, the model also

describes other microstructural features observed during

supperplastic deformation, such as grain elongation and

grain rotation [6, 18, 19].

Even though the extended Lee model could repeatedly

switch grain neighbors such that infinitely lager strain

could be produced in theory, other possible deformation

mechanisms, such as grain sliding and lattice diffusion,

could not be ruled out in practical materials. They might

not be dominant, but affects, more or less, the operating of

the extended Lee model. In addition, some care should be

taken with the irregular grain array, e.g. grain growth

accompanied by shrinkage and annihilation of small grains

[18]. All these indicate that supperplastic behavior is

extremely complex. However, the present model, at the

first time, physically demonstrates that the extensive sup-

perplasticity in polycrystalline materials may occur by

repeatedly switching grain neighbors during Coble creep.
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